Abstract
Introduction

12
Inerter is a two-terminal mechanical device with the property that the applied force at 13 its two terminals is proportional to the relative acceleration between them [1, 2] , where the 14 constant of proportionality is called inertance with a unit of kilogram. Since the initial 15 application in Formula One racing car suspension systems [2] , inerters have been applied problem are equivalent if the mass of the foundation is sufficiently larger than that of the 69 object [31] . For brevity, in this paper, the assumption that m f = ∞ is made and the absolute 70 displacement transmissibility and the absolute force transmissibility are identically treated as
where F is the force imposed on the object m, F i is the force generated by the isolator, Table 1 .
80
To obtain a dimensionless representation, ω n = ratio, the damping ratio, the inertance-to-mass ratio, and the stiffness ratio, respectively. Table 1 by replacing s with jω. 
Vibration analysis for two simple inerter-based isolators
88
This section is to analyse the fundamental properties of inerter from the perspective of 89 vibration. Note that among all the applications of inerter, the main focus is to optimise some 
Analysis of C1
103
For this configuration, the transmissibility can be obtained as . Note that the natural frequency q p is a decreasing function 110 with respect to δ, which is consistent with the result in [23] .
111
The transmissibility µ in (2) can be rewritten as
To find the invariant 113 points which are independent of damping, it requires
that is,
Then, one obtains the nonzero invariant point q i as
Obviously, q i is a decreasing function with respect to δ, which means that the parallel-
117
connected inerter can effectively shift the invariant point left. 
119
The magnitudes at the natural frequency q p , the anti-resonant frequency q b , and infinity can 
where µ| q=q j means the value of µ when q = q j , j denotes p, b or ∞.
122
From (3) and (4), it is clear that µ| q=qp is a decreasing function with respect to both δ and 127 Equation (5) shows that the transmissibility approaches to an asymptote at the level of
when q tends to ∞. For a given δ, by solving the equation
one obtains that
Note that q δ is real if and only if ζ < ζ δ = √ δ 2 +δ 2(1+2δ)
. Since the transmissibility tends to an 
135
Note that q p and q b are the natural frequency and the anti-resonant frequency of the 136 undamped case, respectively. For the damped case, the real natural frequency q pr and anti-137 resonant frequency q br for a specific damping ratio ζ, can be obtained by setting the derivative 138 of (2) to zero. Then, one obtains
It is clear that if ζ ≈ 0, q pr ≈ q p and q br ≈ q b hold, but for a large ζ, it is not sufficient to 140 use this estimation.
141
In summary, one obtains the following remarks.
142
Remark 1. 
Analysis of C2
151
For this configuration, the transmissibility can be obtained as
By rewriting (10) as
where
points which are independent of damping can be similarly obtained by setting
For the case of plus sign, after simple calculation, one obtains δq 4 = 0, which leads to q = 0, 157 a trivial result. For the case of minus sign, one obtains
Then, one can obtain the two nonzero invariant points as
Denote q P < q Q . It is easy to show that q 2 P < 1 and q 2 Q > 2, and both q P and q Q are 
Since q 2 P < 1 and q 2 Q > 2, one obtains
which means that for a finite δ, it is impossible to equalise the ordinates at the two invariant 165 points.
166
A comparison of the transmissibilities of configurations C1 and C2 is shown in Fig. 5 ,
167
where two invariant points P and Q of configuration C2 are depicted. It is shown that for 168 the same damping ratio ζ, the behaviors of configurations C1 and C2 are totally different.
169
For example, for the case of ζ = ζ r = √ 2 (dash-dot lines in Fig. 5 ), C1 is overdamped while
170
C2 behaves similarly to the undamped case of C1. This is caused by the series structure of and an inerter.
174
In summary, one obtains the following remarks. 
H ∞ optimisation for inerter-based isolators
183
In practice, in order to achieve good isolating performance, it is always desirable to 184 minimise the maximum displacement of the object, which is known as H ∞ optimisation [26] .
185
In the previous section, it is shown that the invariant point, the resonant frequency and the 186 anti-resonant frequency are directly determined by the inertance-to-mass ratio δ. Therefore, 187 in this section, H ∞ tuning procedures for a given δ will be proposed. 
Proof. See Appendix Appendix A.
201
Note that two invariant points can be introduced by using the series-connected inerter, and 4. obtain the optimal damping ratio as ζ =
214
A graphical representation of Procedure 1 is given in Fig. 6 , indicating the required and 215 output parameters in each step. According to this procedure, the optimal parameters λ and 216 ζ for each configuration are derived subsequently. 
As 
which possesses a relatively large value (q 2 R ≥ 3). The optimal stiffness ratio λ can be obtained
The optimal damping ratio ζ can be obtained as
where ζ 2 P and ζ 2 Q can be obtained as 
Proof. See Appendix Appendix B. numerical iterations. Hence, the procedure in this paper is more convenient and reliable.
246
The transmissibility µ of C3 for δ = 0.2 is illustrated in Fig. 8 .
247
Proposition 3. The transmissibility for C4 can be obtained as
Following Procedure 1, the optimal stiffness ratio λ can be obtained as
The optimal damping ratio ζ can be obtained as where
Proof. See Appendix Appendix C.
252
The transmissibility µ of C4 for δ = 0.2 is illustrated in Fig. 9 .
253
Proposition 4. The transmissibility for C5 can be obtained as
which requires δ < 1/2. The optimal damping ratio ζ can be obtained as
where 
Proof. See Appendix Appendix D.
259
The transmissibility µ of C5 for δ = 0.2 is illustrated in Fig. 10 . 
Comparison between the traditional DVA and the inerter-based isolators 261
Now, all the optimal parameters for these inerter-based isolators in H ∞ optimisation have 262 been derived. In this section, the performance of the inerter-based isolators will be compared 263 with the traditional DVA as shown in Fig. 11 . For the traditional DVA,
and the mass ratio δ and the stiffness ratio λ are defined as δ = ma m and λ = k ka , respectively.
266
It is well known that the optimal parameters for the traditional DVA [25, 26, 27] are
. 
274
Note that the fundamental difference between the traditional DVA and the inerter-based 275 isolators is that the inertance-to-mass ratio of the inerter-based isolators can easily be larger 276 than the mass ratio of the traditional DVA, as large inertance can easily be obtained without 277 increasing the physical mass of the whole system. For example, the inertance of a rack-pinion 278 inerter or a ball-screw inerter can be significantly magnified by enlarging the gear ratios [1, 2] . 
H 2 optimisation for inerter-based isolators
H 2 optimisation aims to minimise the total vibration energy or the mean square motion 285 of the object mass when white noise excitation is enforced [29] . In the case of random 286 excitation such as wind loading instead of harmonic excitation, the H 2 optimisation would 287 be more practical than the H ∞ optimisation. In this section, the analytical solutions for the 288 inerter-based isolators in H 2 optimisation will be derived and compared with the traditional 289 DVA.
290
The performance measure to be minimised in H 2 optimisation is defined as follows [29, 27]:
where S 0 is the uniform power spectrum density function. Denoting µ = |H(jq)| , the mean 292 square value of x 1 of the object mass m can be calculated as
Substituting (31) into (30), one obtains 
We can writeĤ(s) 
Note that the analytical solution for the configuration C1 cannot be derived by using the 307 above method, as theĤ(s) for C1 is not strictly proper. Actually, the H 2 norm ofĤ(s) 308 for C1 is infinity which can be obtained by observing Fig. 4 : the area under the frequency 309 response curve of C1 which represents the H 2 norm of the transfer function is infinity.
310
The procedure to derive the optimal parameters for C2, C3, C4 and C5 can be sum- and respectively.
321
Note that in Step 1 of Procedure 3, it includes the case that F (λ) and G(λ) are constants 322 with respect to λ. Following Procedure 3, the optimal parameters for C2, C3, C4, and C5
323
in the H 2 optimisation will be derived subsequently.
324
Proposition 5. For the configuration C2, the H 2 performance measure in (32) is
For a given δ, the optimal ζ is
After substituting ζ opt into (35), the optimal I c2 is
Proof. Equation (35) 
For a given δ, the optimal λ can be obtained as
Note that in the case of δ ≥ 2, C3 reduces to C2. For a given δ and λ, the optimal ζ can be 332 obtained as 
Note that in the case of δ ≥ 1, C4 reduces to C2. For a given δ and λ, the optimal ζ can be 340 obtained as
Then, the optimal I c4 can be obtained by substituting ζ opt and λ opt into (37).
342
Proof. The proof is omitted as it is similar to that of Proposition 6.
343
Proposition 8. For the configuration C5, the H 2 performance measure in (32) is
For a given δ and λ, the optimal ζ and I c5 can be obtained as
I c5,opt = (λ + 1)
The optimal λ is chosen from the elements of Q as well as 0 that makes I c5,opt minimum. If 347 the optimal λ is 0, configuration C5 reduces to C1.
348
Proof. Equation (38) can be obtained by direct calculation. Since both parts in (38) are 349 positive, the optimal ζ and I c5 can be obtained as in (39) and (40) 
Comparison between the traditional DVA and the inerter-based isolators 354
Now, all the optimal parameters for the inerter-based isolators in H 2 optimisation have 355 been derived. In this section, the performance of these inerter-based isolators will be com-
356
pared with the traditional DVA as shown in Fig. 11 .
357
For the traditional DVA shown in Fig. 11 , the H 2 performance measure can be derived as
where the mass ratio δ and the stiffness ratio λ are defined as δ = m a /m and λ = k/k a .
359
Similar to the inerter-based isolators, the optimal parameters can be obtained as: of the parameters are given in Table 2 , where it is shown that when δ = 0.2, the inerter- 
Conclusions
380
In this paper, the performance of inerter-based isolators has been investigated by applying 381 five configurations with inerter in a "uni-axial" isolation system. In the first part of this paper, and the series-connected one can effectively lower the invariant points, and the isolation for 385 high frequencies can be weakened by using inerter. In the second part of this paper, both
386
H ∞ and H 2 performances have been considered for the proposed inerter-based isolators.
387
The fixed-point theory and the analytical method in calculating H 2 norm are employed to 388 analytically derive the optimal parameters in H ∞ and H 2 optimisation, respectively. The based isolators potentially more attractive than the traditional DVA: first, a large inertance 394 can easily be obtained for inerter without increasing the physical mass of the whole system; 395 second, the inerter is a built-in element and there is no need to mount an additional mass to 396 the object to be isolated.
397
In practical applications of the inerter-based isolators, the large transmission ratios em-398 ployed in the physical embodiments of inerter will amplify the internal friction of the rotating 399 device with a gain that is equal to the square of the transmission ratio. This could lead to 400 an amount of damping at a system level larger than the optimal one, which may render the 401 proposed inerter-based isolators far from an ideal design. More research work needs to be 402 carried to find low-friction designs to be used with high amplification ratio. 
407 Equation (A.1) can be written in another form as
where n ′ = ∂n/∂q 2 , and m ′ = ∂m/∂q 2 . For the invariant point P ,
therefore,
after substituting q P into (11), one obtains
Appendix B. Proof of Proposition 2
414
Then, µ in (14) can be rewritten as
To find the invariant points which are independent of damping, it requires
With the plus sign, after cross multiplication, one obtains δ 2 λq 6 = 0, which leads to the 420 trivial solution q = 0. With the minus sign, after simple calculation, one obtains
which is a cubic form in q 2 . Therefore, there are three invariant points for the configuration
422
C3.
423
Denoting these three invariant points as P , Q and R (q P < q Q < q R ), separately, one
Since at points P and Q, the values of µ are independent of ζ, then in the case of ζ = ∞, 426 one obtains
Then, one obtains
After cross multiplication and simplification, one obtains Note that q R is the same solution as both (B.2) and (B.7) for the same δ and λ. Solving
433
λ from (B.2) and (B.7), separately, one obtains
(B.9)
Equating the solutions and simplifying the results, one obtains 
439
In this way, the optimal λ can be obtained by substituting q 2 R in (15) into (B.8) or (B.9).
440
After obtaining λ, all the three invariant points can be obtained by solving
which is obtained from (B.4) and (B.5).
442
The procedure of calculating the optimal damping ratio ζ is similar to the procedure in 
and µ in (20) can be rewritten as
Again, with the plus sign, one obtains the trivial solution zero, and with the minus sign, one
Then, one obtains the two invariant points P and Q (q P < q Q ) as
Letting the ordinates at invariant points P and Q equal, one has
It can be checked that 
460
Similar to the method in Appendix Appendix A, the optimal ζ can be obtained by making 461 µ have zero gradients at invariant points P and Q. After calculation and simplification, one
) .
After substituting (C.3) and (21), one obtains (23) and (24).
464
Taking an average of ζ 2 p and ζ 2 Q , one obtains the optimal ζ opt as in (22).
Then, µ in (25) can be rewritten as
Similarly, with plus sign, one obtains the trivial solution zero, and with minus sign, one
Thus, one obtains the two invariant points P and Q (q P < q Q ) as in (29).
474
It can be checked that , from (26), one has λ = 0, or k = ∞. In this case C5 reduces to C1.
482
Thus, the more reasonable assumption is δ < 
